Abstract. We show that if a hyperelastic material is slightly compressible, in this case the stored energy function is a function of the "modified invariants," then the existence results of Ball are still valid. We then study the behavior of the solutions when the compressibility tends to zero.
Introduction. In an important article Ball 1 has established an existence theorem for nonlinear hyperelastic and compressible materials. Roughly speaking, it is shown that the problem (P) inf{I(u)=f. W(Vu(x))dx, u=uoonOll,UE WI'p(-; R3)} admits a solution; where 'C2R is the reference configuration, 0-is part of the boundary 012, u:12-and VuEM3+ (i.e., Vu is a 3x3 matrix with detVu>0), W: M3+ -is the stored energy function which is assumed to be coercive and polyconvex (for precise definitions see the next section).
In particular, if the material is isotropic then it is well known that W can be written as (0.1)
W(F) dP( i( FTF)
where : (+)3.+ and i(F) denotes the principal invariants of F, i.e., i(F)= (il(F), i2(F), i3(F))= (tr F, tr (adj F), det F).
It is the aim of this article to show that the theorem of Ball still holds, under some extra hypotheses, if one replaces the principal invariants by the so-called "modified invariants" i* (cf. [7] , [8] ) defined as (0.2) i*(F) (i*l i* (ili-1/3, i2i2/3).
Let us be more precise and first explain the importance ofthe "modified invariants."
In practice it is a hard problem to determine experimentally the function W (or , if the material is isotropic) and for slightly compressible materials, one is led to proceed indirectly. One way of determining W may be as follows: first we make some experiments (such as simple traction, biaxial traction, simple shear, etc.) for In the second section of this article we show (Theorem 5) that for a large class of materials including some of the Ogden materials (but not Mooney-Rivlin materials), W is coercive and polyconvex. Then, using the same techniques as in Ball [1] , we show existence of minima when W satisfies (0.5).
In the last section we study the convergence of the minima when the compressibility tends to zero and, in particular, we show convergence to the incompressible case.
Finally, we should mention that this kind of rheology has been used for engineering purposes and for numerical computation of rubberlike materials; for more details we refer to Charrier and Pouyot [2] and Pouyot [9] .
The article is divided as follows: 1. Stored energy function of hyperelastic and slightly compressible materials; 2. An existence theorem; 3. Convergence to the incompressible case.
1. Stored energy function of hyperelastic and slightly compressible materials. 1.1. Notation. We start by recalling the usual framework of nonlinear elasticity (for references, see [10] or [3] for instance).
We denote by M the set of 3 x 3 matrices and by (1.1) M3+ {A M3: det A > 0}.
We endow the space M with the scalar product A. B =tr (AB T) and we denote by IAI the associated norm. We also denote by i(A) the principal invariants of A M3,
where adj A denotes the transpose of the matrix of cofactors of A.
Let f c 3 be the reference configuration (f is a bounded open set), u" 1) 3 a deformation of the body satisfying det V u > 0, i.e., F V u M3+.
Let T(u(x)) be the Cauchy stress tensor defined on the deformed configuration u(f) and let S(x) be the first Piola-Kirchhoff stress tensor defined as follows:
We also assume that the material under consideration is hyperelastic ( 
where G is a primitive of g, i.e.,
I
(1.10)
The identity (1.9') leads to the introduction of the so-called "modified invariants" (see Ogden [6] , Penn [8] ) (1.11) i* =-i/3il and i'2 i/3i2. 
In the incompressible case a class of rheologies (i.e. stored energy functions) for isotropic materials is that of Ogden [6] , where
where C FTF. We will also, marginally, consider W* satisfying
with a, b >-0 and a, fl => 1, which is obviously polyconvex. [1] can then be applied as follows.
TrEOREM (Ball) . Let ce>3/2, /3>1, 1/c+1//3<4/3 and y>l. If there exists At such that I() < oo then there exists u At so that
Remark 2. In the definition of Atr, if we assume c -> 2, then there is no ambiguity in the definition of adj Vu since it is an L function. However if 3/2 < a <2, adj Vu is extended as a distribution by continuity denoted Adj 7u by Ball [1] . A similar remark is applicable to det 7 u.
It is the aim ofthis article to extend Ball's result to the case of a slightly compressible material which satisfy (of. Proposition 
where W* and G satisfy (1.17) and (1.22) .
The theorem of Ball cannot be applied directly since, even if W* is polyconvex and coercive when det F 1, it is not, in general, the case for W satisfying (1.27 ). This will be investigated in the next section. We shall see in the next section that, even though (1.27) is polyconvex the function (1.28)
is not polyconvex.
(ii) It is known (cf. Gurtin [4] ) that in an isotropic material the constraint in the reference configuration is a pressure. The choice of a law of compressibility satisfying G' (1) g(1) 0 implies that the reference configuration is free of constraint and thus is a "natural" configuration.
2. An existence theorem. 2.1. Statement of the result. We consider a stored energy function W in the form (2.1) We also assume that (2.5) G satisfies 1.22 
It is then easy to show (cf. Ball [1] Moreover, a=Uo on 01-11 and detVfi>0 a.e. Since, by (2.28), I()<.+, so Apqv.
Thus is a minimizer of the energy.
In the next section we show that the coercivity condition may be slightly improved; and in the last section of the second part of this article we will also show that one can consider more general stored energy functions. where a max {ai: 1 <-_ <-M} and/3 max {/3j 1 _-__j _-< N}.
In fact, we have shown that for every (x, y, 6) (/)3 (2.32) (6-1/3x)aW(6-2/3y)t3+6Y>--g(xPWyq+63'-l). We now proceed exactly as in Proposition 7, where we have replaced a and/3 by c7 and/3, and thus we get (i). Conversely, we now assume that W satisfies the coercivity (i) and we want to show that p, q and r are as in (ii). The condition on r is immediately deduced from (i) by choosing F AI and letting A o0. Furthermore, by letting vl, v2, v3 be the principal stretches of F and 6 vv2v3 we get from (i) (2.38)
q _ _ e(Sl+S2-(2/3)(Sl+S2+S3))fl + e(sl+sz+s3 )v >-K (e qp + e (sl+s2)q n t-e (sl+s2+s3)r-1). [9] and Le Dret [5] for rheologies of the form Wo(F)+(1/e)G(det F).
Proof. The existence of solutions u of (P) is obtained using Theorem 5; the existence of solutions u of (Po) is a consequence of a theorem from Ball [1] for incompressible materials. It remains to show that t7 is a solution of (Po) and the last two equalities of (3.4) . Let eo> 0 be fixed and 0 < e < eo, we then have for w K This implies that Io(fi)< +c and hence t7 K and is a solution of (Po). Replacing in (3.9) w by t7 we have immediately (3.10) lim Io(U)= Io() e--0 and returning to (3.8) we have indeed proved the theorem.
